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POISSON QUEUEING SYSTEMS

The gueueing system where the distribution of arrival and the
departure both are assumed to be Poisson or the distribution of
Inter-arrival time and service time are assumed to be
Exponentially distributed are called as the Poisson queuing
system. The main Poisson queuing systems are:

1. (M| M |1):(cc | FCFS)
2. (M| M]1):N |FCFS)
3. (M| M| C):(e| FCFS)

4. (M|M|C):(N | FCFS)
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bISTRIBUTION OF ARRIVALS

The models in which only arrivals are counted and no departure takes place
are also called as Pure Birth Process. In queueing system the Pure Birth
Process arises when an addition customer increase the arrival in the system.
The distribution of the arrival for Poisson queueing system is obtained under
following axioms:
Axiom 1: The no. of arrivals in non-overlapping intervals of time are
statistically independent, i.e., the process has independent increments.
Axiom 2: The probability that an arrival occurs within a very small time
Interval At is given by:
P.[At] = AAt + o(At)
Axiom 3: The probability of more than one arrival during time interval At is
negligibly small, i.e., o(At)
Therefore the probability of no arrival during At will be:
=> Py[At] = 1 — LAt — 0(At)
Where o(At) is a very small quantity, called as order of At, such that
Lim o {0(At)/ At} =0
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DISTRIBUTION OF ARRIVAL

Let Pn[t] denotes the probability of n arrival during time interval of length t.
Now for n > 0:
P.[t + At] = Probability of n arrivals during time interval of length (t + At)

= P[n arrivals during time t, no arrival during time At]

+ P[(n—1) arrivals during time t, one arrival during time At]

+ P[(n—2)arrivals during time t, 2 arrival during time At]

+...+ P[no arrivals during time t, n arrival during time At]

=P [t].Po[A] + Py 1)[t].P1[AL] + Py 5)[t]Po[AL] + ...+ Po[t].Py[AL]

= Pp[t].[1-AAt-0(At)] + P_p[t].[AAt+0(AL)] + P, 5 [t].0[At] +...+ Py(t).0(At)
On solving it, it is obtained that:

Palt+ At] — Pp[t] = (MAO{Pn-y[t] - Pult]} + 0(AD)
or, B[t + At] — B, [t] ﬂ(ﬂt]
At

=MP_pltl —-B.@®) ]+
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DISTRIBUTION OF ARRIVAL

Now, taking limit as At—0, it is obtained that;
dF, [t]
=i MPg—n [t] — B[]}
Now, consider the case when n=0,
Po[t+4t] = P[there is no customer in the system at time t+A4t]
= P[no arrival during time t].P[no arrival during time A4t]

= P[t] {1 — A4t — o(4t)}

(1)

On solving it is obtained that;
Po[t+4t] — Po[t] = {44t — o(4t)}.Py|[t]

Pylt + At] — Pglt] o(At)
Or, At _{_1_ At }'P“[t]
Taking limit as 4r—0, it is obtained that:

dPylt]
di

= —AP,[t] (2)
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DISTRIBUTION OF ARRIVAL

Equation (1) and (2) are called as differential-difference equations. Now
multiplying the equation (1) by z" (such that |Z|<1), it is obtained that:

dF,|t]
" — — = Az"{Pnp[t] - Bilt]]
Summing it over all n = 1, 2, ..., oo and adding with equation (2), it Is
obtained that; o o
dtz “P[t]—}{zz “P[t]—z ZnP[]
Or, n=>0

dz “P[t]—lzz Zzn B[] — Z ZznB ]

Also, it i1s known that the term Z z»p[t] 1S called as probability generating
function and denoted by ¢(z, t),™® therefore the equation would

become:
do(z, )/dt =A(z - 1) ¢(z, 1)

or, {1o(z, )}do(z, H/dt = A(z - 1)



f-‘?%‘; ®dol> faeatasneser fazr=m uoprer==r asferas . 3V
RS20 : S5

DISTRIBUTION OF ARRIVAL

On integrating with respect to t, it is obtained that:
p(z, t) = Ce¥t -1 (3)
C Is the constant of the integration. It is know that there is no arrival
at time t=0, therefore P,[0] = 0 for all n >0 and P,[0] =1,
Therefore,
o(z, 0) = P,[0] + P,[0]z + P,[0]z* + ...+ P, [0]z" + ...
=1
Now, putting t=0 in equation (3),
o(z, 0) = Cetz-1) 0}
Or, 1=C
Therefore,
o(z, ) = el -1
Now the different probabilities can be obtained by differentiating the
probability generating function again and again and putting z = 0.
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DISTRIBUTION OF ARRIVAL
GO _ p ] = P[] = Ate
di =0
2 2
i ::‘Z" 2 it = 21P,[t] == P,[t] = (1;? g AL
3 3
¢ iﬁ’ ) lIn 31P,[t] => Py[t] = {1;? o=t
By using mathematical induction,
a"eGEOl b= p ] = 2 e
dt™ n!

=0

Hence, the distribution of the arrival is Poisson with parameter At.
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DISTRIBUTIONOF INTER-ARRIVAL TIME

The inter-arrival time is the time gap between two successive
arrivals. The inter-arrival time iIs also a random variable. Let T
denotes the inter-arrival time, then:

P[T > t] = P[there is no arrival during time t]

= Pylt]

— e—M
If F(t) denoted the cumulative distribution function of T, then:

F(t)=P[T<t]

=1-P[T>1]
=S 1H et

Which is the cumulative density function of exponential distribution
with parameter A.

Hence, If the distribution of arrival i1s Poisson, inter-arrival time will
have exponential distribution with parameter A.
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DISTRIBUTION OF DEPARTURES

The models in which only departures are counted and no arrival takes place
are also called as Pure Death Process. In queueing system the Pure Death
Process arises when an addition customer is served the in the system.
The distribution of the departure for Poisson queueing system Is obtained
under following axioms:
Axiom 1: The no. of departures in non-overlapping intervals of time are
statistically independent, i.e., the process has independent increments.
Axiom 2: The probability that an departure occurs within a very small time
Interval At is given by:
P.[At] = nAt + o(At)
Axiom 3: The probability of more than one departures during time interval
Atis negligibly small, i.e., o(At).
Therefore the probability of no departure during At will be:
=> Py[At] = 1 — nAt — o(At)
Where o(At) Is a very small quantity, called as order of At, such that
Lim o {0(At)/ At} =0
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DISTRIBUTION OF DEPARTURES

Let P,[t] denotes the probability of n customers in the system at time t.

Now for n > 0:

P,[t + At] = Probability that n customers are in the system at time (t + At)
= P[n customers at time t, no departure during time At]
+ P[(n+1) customers at time t, one departure during time At]
+ P[(n+2) customers at time t, 2 departures during time At] +

=Pn[t].PolAt] + Piy[t].P1[AL] + Pip[t].Po[At] +
= Pp[t].[1-pAt-0(At)] + Prep[t] [nAt+O(AY)] + Pinsp[t].0[AL] +

On solving It, it is obtained that:

Pult+ At] — Pp[t] = (RAD{Pn_1)[t] - Palt]} + 0(Af)
or, Plt+ ﬂji —B,lt] _ {Pesolfl— BRI + ﬂ(ﬂ t)




5% el faealdarca Rreren ueorerea aderm '

>
>
Contenniol

Cotobrations
az.n-r.;: fd d&rxrﬂ'a eraToft Zema

DISTRIBUTION OF DEPARTURES

Now, taking limit as At—0, it is obtained that;
2E) — p{Peuanle] — BLIE]
Now, consider the case when n=0,
Po[t+4t] = P[there is no customer in the system at time t+A4t]
= P[no customer during time t].P[no departure during time At]
+ P[1 customer during time t].P[1 departure during time At]+ ...
= Po[t].1+P[t] {1 — udt — o(4t)} + o(4t)
On solving it is obtained that;
Po[t+4t] — Py[t] = {—udt — o(4t)}.P[t] + o(4t)
Pylt + At] — Py [t] n{.ﬂﬂ
Or, At uP [t] +

(1)

Taking limit as 4r—0, it is obtained that:

dj::t[t] = —pP, ] (2)
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DISTRIBUTION OF DEPARTURES

Now for n=N,
Pnlt+4t] = PIN customers at time t and no departures during 4t]
= Pn[t][1 — pdt — o(4t)]

Pylt + At] — Pylt] o(At)
77 At = —pPyltl + —0
Taking limit At — 0, it will be obtained that:
dPylt]
il —pPylt] (3)

On solving the equation (1), (2) and (3) under the initial condition:

L nmn=N=+0
F,[0] _{ﬂ; n+N
it will be obtained that:
P 1] (,ut] (N—n) 5 —pt
nltl = (N —n)!

Which is the truncated Poisson distribution.
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DISTRIBUTION OF SERVICE TIME

The service time is the time required to serve a customer. The service
time is also a random variable. Let T denotes the service time, then:
P[T > t] = P[there is no departure during time t]
= P[There are N customers at time t in the system]
=Pyl[t]
— Mt
If F(t) denoted the cumulative distribution function of service time T,
then:

— .
| b S
| :
L
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P[T<t]=1-P[T >1]
=1 —eHt
Which is the cumulative density function of exponential distribution
with parameter .
Hence, If the distribution of departure is Poisson, Service time will
have exponential distribution with parameter p.

O
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