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Assoclated with every Linear Programming Problem there
always exist another Linear Programming Problem which is
based upon same data and having the same solution. This
property of Linear Programming Problem is termed as Duality

In Linear Programming Prob

The original problem is ca
assoclated problem is called as

em.
led as Primal Problem and

Dual problem.

Any of these Linear Programming Problem can be taken as

primal and other as dual

therefore these problems are

simultaneously called as Primal-Dual Pair.
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FORMULATION OF DUAL PROBLEM

For the formulation of dual problem from the primal problem following steps are
used:

1. Convert the constraints of given LPP iIn the standard form using slack and
surplus variables only.

2. ldentify the decision variables for the dual problem (Dual variables). The no.
of dual variables will be equal to the no. of constraints in primal problem.

3. Write the objective function for the dual problem by taking the constants on
the right hand side of primal constraints as the cost coefficients for the dual
problem. If primal problem is maximization type then dual will be
minimization type and vice-versa.

4. Define the constraints for the dual problem. The column constraint coefficients
of primal problem will become the row constraint coefficients of dual problem.
The cost coefficient of primal problem will be taken as the constants on the
right hand side of dual constrains. If primal is of maximization type and dual
constrains must be of >’ type and If primal is of minimization type and dual
constrains must be of ‘<’type.

5. Dual variableswill be unrestricted.
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FORMULATION OF DUAL PROBLEM

Let’s consider the Linear Programming Problem as a maximization problem as
follows:
Max.Z = CcX; + CoXy + ... + CXp;
Subject to,
Xyt apXy t ...+ agX, <0y
Ay Xy F AxXo + .. T Ay X, < by

AmiXy T AmpXy T oo T AppX < bm
X1, X9, veey Xq =0
Then its dual will be,
Min.Z, = b,w; + bow, + ... + b W;
Subject to,
Ay Wy + aW, + ... +a W, =y
AWy + oWy + ... + appWy, = G

AWy + oW, + ...+ 8pWp = G,
Wy, Wo, ...,w,, Will be unrestricted
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FORMULATION OF DUAL PROBLEM

Let’s consider the Linear Programming Problem as a maximization problem as
follows:
Min.Z = cX; + CX, + ... + C Xy
Subject to,
Xy + Ak Tt agX, =0y
Ay Xy + AxoXy + ... T ay X, > b,

AmiXy T AmpXy T .o T X2 bm
X1, X9, veey Xq =0
Then its dual will be,
Max.Z, = b,w; + bow, + ... + b w,;
Subject to,
apW;+ ayWw, + ... + @ W, <C,
AWy + aynW, + ... + a, oW, < C,

AWy + oWy + ...+ 8pWp < C,
Wy, Wo, ...,w,, Will be unrestricted
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FORMULATION OF DUAL PROBLEM

However it is better to use the matrix form of Linear Programming
Problem for the formulation of dual problem. In matrix form the primal-
dual pair can be written as:

Primal Problem Dual Problem
Max Z = C'X MinZ, =b'W
AX =D A'W > ¢
X>0 W unrestricted
MinZ =C'X Max Z; = b'W
AX =D A'W <c
X>0 W unrestricted
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EXAMPLE

Obtain the dual of the following Linear Programming Problem:
Min. Z = 2X, + 3X, + 4X;
Subject to,
2X1+ 3X, + OX3> 2
3X1+ X+ IX3=3
Xy + 4X, + 6X3<5
X1, X5 >0, X5 IS unrestricted
Now, this problem can be written in standard form as:
Min. Z = 2X; + 3X, + 4X'3 — 4X"'5
Subject to,
2X1+ 3Xy + 5X'3—5X"'3 -5, =2
3X1+ Xy + IX'3—TX"3=3
X1+ 4X, + 6X'3 —6X"3+S, =5
X1, X9, X'3, X"53>0,
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EXAMPLE. TN

The given problem can be written in matrix form as:

_Il
Xa
-
Minz=[2 3 4 —4 0 o0]].
X 3
51
-S:-!
X1
Xq
2 3 5 -5 —1 0], 2
2 lalILAllellD ;-:"3 3
1 4 6 —6 0o 11° 5
59
89
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As the number of constraints in the primal problem is 3, the number of dual

variables would be 3. Let the dual variables are w;, w, and ws.

Now as the objective function of the primal problem is of minimization
type the objective function of dual will be of maximization type. The
objective function of dual problem would be:

1
Max.Z;,=[2 3 4][:-:.1]
W3

As the objective function of the primal problem is of minimization type the

constraints of dual will contain ‘<’ sign. The constraints would be:
g -

-

3
5
—5
=1

-0

3
1
7
3
0
0

11

4

6
—6

0

1 1

Dual variables would be unrestricted.

1
Wil =
W3

3
4
—4
0

_ﬂ_
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EXAMPLE

On multiplying the matrices we get:
Max. Z; = 2wy + 3w, + 4w;

Subject to,
2W, + 3W, + Wy <2 (1), 3w, + W, + 4w, <3 (2)
5wy + 7w, + 6W; <4 (3), —5w; —7w, 6wy <-4 (4)

—w; <0 (5) w3 <0 (6)
Constraint (4) can be written as:
5wy +7w, + 6wz >4  (4)
Constraints (3) and (4) are contradictory, these will be true if and only if the

equality holds, therefore constraints (3) and (4) would be combined into
one constraint as:

oWy + TW, + 6wy = 4
Constraint (5) would give w; > 0.
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Therefore the dual problem would be:

Max. Z; = 2wy + 3w, + 4w;
Subject to,
2Wq + 3W, + W4 <2,
3wy + W, + 4wy <3
oW; + 7w, + 6wy = 4

Wy >0, wg <0, w, would be unrestricted



5% el faealdarca Rreren ueorerea aderm '

>
>

Contennios
Cotobrations
az.n-r.;: fd d&rxrﬂ'a eraToft Zema

THEOREM

Statement: Dual of Dual is Primal.
Proof: Without loss of generality we can take the primal problem as:
Max. Z = C'X
AX = b,
X>0
Then dual of this problem would be:
Min. Z; = b'W
AW =0
W iIs unrestricted.
Now the dual problem would be converted into standard form.

As W is unrestricted it can be expressed as the difference of two non-
negatively restricted variables W; and W, such that:

W:W]_—Wz, W120andW220
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Now the dual problem would become:
Min. Z; = b'(W; - W,)
AW, -W,)-Is=C
Wi>0 Wy >0,5s>0
It can also be written as:

Wi
Min.Zy =[p' —b' 0] |W;
5

A
(AT —A 1][w3]=c

5

Wi
W,| =0

5

Contenniol
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THEOREM (CONTD...)

Now, the Dual of Dual would be:
Max.Z =C'Y

A b
—A|l¥=|-bh
0

I
Y IS unrestricted.

Or, the dual of dual can be written as:
Max.Z=C'Y
AY<bh
—AY<-b=>AY>b
Y>0

First two constraints contradicteach other, they will be true ifand only If AY = b
As Y is just a notation for the dual variable it can be replaced by X, and the Dual of
Dual would be:

Max.Z = C'X
AX=Db
X>0
Hence Dual of Dual is Primal.
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RELATION BETWEEN THE SOLUTION
OF PRIMAL AND DUAL PROBLEMS

Solution of Solution of Dual

Primal Problem Problem
Optimum Optimum
Infeasible Unbounded

Unbounded Infeasible
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